Consider the following example (definitions of the groups will be given later).
Example. Let F be a field and let p be a prime integer. Assume that there is an integer n with the following properties: (i) the group H n+1 p (F ) is isomorphic to Z/p, (ii) the pairing ( , ) p : H 1 (F, Z/p) ⊗ K n (F )/p → H n+1 p (F ) ≃ Z/p is non-degenerate in a certain sense. Then the Z/p-linear space H 1 (F, Z/p) is obviously dual to the Z/p-linear space K n (F )/p. On the other hand, H 1 (F, Z/p) is dual to the Z/p-space G ab /(G ab ) p . Therefore there is an isomorphism
It turns out that this example can be applied to computations of the group G ab /(G ab ) p for multidimensional local fields. Moreover, it is possible to show that the homomorphism Ψ F,p can be naturally extended to a homomorphism Ψ F : K n (F ) → G ab (the so called reciprocity map). Since G ab is a profinite group, it follows that the homomorphism Ψ F : K n (F ) → G ab factors through the homomorphism K n (F )/DK n (F ) → G ab where the group DK n (F ) consists of all divisible elements:
This observation makes natural the following notation:
Definition (cf. section 6 of Part I). For a field F and integer n 0 set
The group K t n (F ) for a higher local field F endowed with a certain topology (cf. section 6 of this part of the volume) is called a topological Milnor K -group K top (F ) of F .
The example shows that computing the group G ab is closely related to computing the groups K n (F ), K t n (F ) , and H n+1 m (F ) . The main purpose of this section is to explain some basic properties of these groups and discuss several classical conjectures. Among the problems, we point out the following:
• discuss p-torsion and cotorsion of the groups K n (F ) (F ) in two "classical" cases where F is either the rational function field in one variable F = k(t) or the formal power series F = k((t)). We shall consider in detail the case (so called "non-classical case") of a field F of characteristic p and m = p.
Definition of H n+1
m (F ) and pairing ( , ) m
To define the group H n+1 m (F ) we consider three cases depending on the characteristic of the field F .
Case 1 (Classical). Either char (F ) = 0 or char (F ) = p is prime to m.
In this case we set 
where (a 1 , . . . , a n ) := (a 1 ) ∪ · · · ∪ (a n ). It is well known that the element (a 1 , . . . , a n ) is zero if a i + a j = 1 for some i = j. From the definition of the Milnor K -group we get the homomorphism
. . , a n } → (a 1 , . . . , a n ). Now, we define the pairing ( , ) m as the following composite
Case 2. char (F ) = p = 0 and m is a power of p.
To simplify the exposition we start with the case m = p. Set
is the inverse Cartier operator defined in subsection 4.2). The pairing ( , ) p is defined as follows:
To define the group H n+1 p i (F ) for an arbitrary i 1 we note that the group H n+1 p (F ) is the quotient group of Ω n F . In particular, generators of the group H n+1 p (F ) can be written in the form adb 1 ∧ · · · ∧ db n . Clearly, the natural homomorphism F ) is naturally identified with the quotient group F ⊗F * ⊗ · · · ⊗F * /J . It is not difficult to show that the subgroup J is generated by the following elements: (F ) can be easily generalized to define H n+1 p i (F ) for an arbitrary i 1. Namely, we define the group H n+1 p i (F ) as the quotient group
where W i (F ) is the group of Witt vectors of length i and J is the subgroup of
The pairing ( , ) p i is defined as follows: The groups H n+1 m ′ (F ) and H n+1 p i (F ) are already defined (see Cases 1 and 2). We define the group H n+1 m (F ) by the following formula: (F ) and of the pairing ( , ) m . Remark 1. In the case n = 1 or n = 2 the group H n m (F ) can be determined as follows:
The group H n+1 (F )
In the previous subsection we defined the group H (F ) . We define i m,m ′ as the homomorphism induced by
The maps i m,m ′ (where m and m ′ run over all integers such that m ′ is divisible by m ) determine the inductive system of the groups.
Definition. For a field F and an integer n set (F ) is injective and the image of this homomorphism coincides with the m-torsion part of the group H n+1 (F ) .
Conjecture 1. The natural homomorphism
This conjecture follows easily from the Milnor-Bloch-Kato conjecture (see subsection 4.1) in degree n. In particular, it is proved for n 2. For fields of characteristic p we have the following theorem. 
Computing the group H n+1 m (F ) for some fields
We start with the following well known result.
Theorem 2 (classical). Let F be a perfect field. Suppose that char (F ) = 0 or char (F ) is prime to m. Then
It is known that we cannot omit the conditions on F and m in the statement of Theorem 2. To generalize the theorem to the arbitrary case we need the following notation. For a complete discrete valuation field K and its maximal unramified extension K ur define the groups H Note that for a field K = F ((t)) we obviously have K ur = F sep ((t)). We also note that under the hypotheses of Theorem 2 we have H n (K) = H n m,ur (K) and H n (K) = 0. The following theorem is due to Kato.
Theorem 3 (Kato, [K1, Th. 3 §0] ). Let K be a complete discrete valuation field with residue field k. Then
This theorem plays a key role in Kato's approach to class field theory of multidimensional local fields (see section 5 of this part).
To generalize the second isomorphism of Theorem 2 we need the following notation. (F (t) Theorem 4 (Izhboldin, [I2, Introduction] ).
where v runs over all normalized discrete valuations of the field F (t) and F (t) v denotes the v-completion of F (t).
On the group K n (F )
In this subsection we discuss the structure of the torsion and cotorsion in Milnor K -theory. For simplicity, we consider the case of prime m = p. We start with the following fundamental theorem concerning the quotient group K n (F )/p for fields of characteristic p.
Theorem 5 [BK, Th. 2 
.1]). Let F be a field of characteristic p.
Then the differential symbol
is injective and its image coincides with the kernel ν n (F ) of the homomorphism ℘ (for the definition see Case 2 of 2.1). In other words, the sequence
This theorem relates the Milnor K -group modulo p of a field of characteristic p with a submodule of the differential module whose structure is easier to understand. The theorem is important for Kato's approach to higher local class field theory. For a sketch of its proof see subsection A2 in the appendix to this section.
There exists a natural generalization of the above theorem for the quotient groups 
This conjecture is trivial in the case where n 1. In the other cases we have the following theorem. (Izhboldin, [I1] ).
The proof of this theorem is closely related to the proof of Satz 90 for K -groups. Let us recall two basic conjectures on this subject.
Conjecture 3 (Satz 90 for K n ). If L/F is a cyclic extension of degree p with the Galois group G = σ then the sequence
There is an analogue of the above conjecture for the quotient group K n (F )/p. Fix the following notation till the end of this section:
Conjecture 4 (Small Satz 90 for k n ). If L/F is a cyclic extension of degree p with the Galois group G = σ , then the sequence
is exact.
The conjectures 2,3 and 4 are not independent:
Lemma (Suslin) Satz 90 conjectures are proved for n 2 (Merkurev-Suslin, [MS1] ). If p = 2, n = 3, and char (F ) = 2, the conjectures were proved by Merkurev and Suslin [MS] and Rost. For p = 2 the conjectures follow from recent results of Voevodsky. For fields of characteristic p the conjectures are proved for all n:
